We demonstrate entanglement swapping of polarization entangled photons using an interferometric Bell-state measurement operating at the theoretical limit of 50% efficiency capable of identifying two of the four Bell states. Our experiment represents the highest quality of entanglement swapping so far, with the correlations of the final entangled states showing an overlap fidelity with the ideal Bell states of F = 0.892, and a violation Bell's inequality for both swapped entangled states. In order to achieve this high-quality operation we have optimized various experimental error sources of our setup including the quality of optical elements, as well as the constraints due to the coherence and the group-velocity mismatch of the pump and down-conversion photons. Our results are relevant for experiments that involve interferences of independent photons and pulsed multi-photon states, such as in quantum computing, quantum metrology and quantum communication with quantum repeaters.
Introduction
Quantum state teleportation [1] allows the transfer of an unknown quantum state from one system to an independent system, without obtaining any information on the quantum systems. This protocol has been demonstrated with polarized photons [2] , as well as with squeezed quadratures of light [3] , with ions [4, 5] , liquid-state nuclear magnetic resonance [6] and between atoms and light [7, 8] . A fascinating case of quantum teleportation is entanglement swapping, where the transferred state is not only unknown but undefined, since it is part of an entangled pair. According to quantum mechanics, the entanglement perfectly sustains this procedure [9] , which has also been shown in experiments [10] [11] [12] [13] by the violation of a Bell inequality [14] for particles that never interacted. Entanglement swapping and teleportation are important protocols for linear optical quantum computing [15] schemes, where essentially the generalization of entanglement swapping is a crucial element for achieving scalable operations and the fusion of large entangled states from smaller initial states [16] . Entanglement swapping is also at the heart of quantum repeater protocols [17] , which aim at extending distances of quantum entanglement by concatenating and purifying entanglement to cover large distances. Furthermore, the methods of entanglement swapping are also important for fundamental tests of entanglement between massive particles, such as single trapped atoms [12, 18] . Here, achieving the long distances required for an ultimate and loophole free Bell test (see [19] for a review) will require high-quality entanglement swapping schemes.
The standard protocol for quantum state teleportation relies on two key resources which are the entanglement of particles and an entangling operation, called the Bellstate analysis (BSA). When using qubits, there are four possible entangled Bell states describing the possible quantum correlations between them. With linear optical elements it is only possible [20] to detect two of the four Bell states perfectly. Such an optimal linear optics Bell-state analysis for entangled photon pairs was demonstrated experimentally in quantum dense coding experiments [21, 22] , and in quantum teleportation [23] , and recently in an entanglement swapping experiment [11] . It was shown theoretically by Kwiat et al [24] and later in experiment [25] , that by exploiting hyper entangled photons a seemingly four-state BSA is possible, but this scheme is not applicable to quantum teleportation or entanglement swapping.
Here we present the realization and optimization of entanglement swapping based on an optimal Bell-state analyser, capable of detecting two of the four Bell states. Our setup allowed us to observe that correlations between the swapped entangled photons violated Bell's inequality separately for each of the two possible Bell states obtained in the BSA. In this work, we will in particular study the effects of various experimental factors that reduce the attainable entanglement swapping quality. Consequently we will observe the overlap fidelity of the final entangled states with the ideal states, and test the Bell inequality as a witness for entanglement.
Experimental setup
Our setup is shown in figure 1 . Two entangled photon pairs a, b and c, d are generated by spontaneous parametric down conversion (SPDC) in a barium-borate crystal (BBO) [26] , pumped by ultraviolet laser pulses with a wavelength of 395 nm and 200 fs pulse width. All photons are sent through narrowband bandpass filters, with a full width at halfmaximum (FWHM) bandwidth of 3 nm for the outer photons, and 1-2 nm for the inner photons. These two inner photons b and c are interfered on the BSA, whereas the two outer photons are separately analysed and detected. The BSA was realized by interfering the two photons b and c first on a 50:50 fibre beam splitter (BS), and with additional polarizers (PBS) in each of the output arms of the BS. The detection of the two Bell states was performed as follows: when a photon was found in each output arm of the beam splitter BS, and in opposite outputs of their polarizers, then a | − bc -Bell state was observed (either detectors D1H and D2V fire, or D1V and D2H). However, if the two photons were found in the same output arm of the beam splitter, but in different outputs of the polarizer, then a | + bc -Bell state was observed (either D1H and D1V fire, or D2H and D2V).
It is interesting to note that this two-outcome-BSA allows performing entanglement swapping optimized in a more general sense. One would naively expect that the teleportation of entanglement works equally well for all four Bell states in the case that these are non-maximal entangled. Yet, Bose et al [27] were able to show that two of the four Bell states will experience a purification in their final entanglement, whereas the other two Bell states will become even less entangled, which was also shown experimentally [28] . The consequence of this insight is that practical entanglement swapping experiments would not necessarily lead to a huge advance when even a full Bell-state analyser is implemented.
The two-photon interference performed within this BSA required full compensation of the polarization rotation in all the fibres, which was a rather tedious and timely process. However, once good alignment was achieved, the polarization in the fibres was stable to about 5
• over 24 h. The rate of The spurious birefringence of the fibres which induces polarization rotations of the photons is compensated with polarization controllers. For the fibre beam splitter, also an additional half-wave plate (λ/2) and quarter-wave plate (λ/4) are used for the compensation of the phase between the reference polarization states. A coincidence logic, sketched with Boolean AND and OR gates, compares all eight detector signals and identifies the useful events of the four photons. The logic was realized in a programmable logic array [48] . The occurrences of the eight possible four-fold events were counted in a PC counter-card. The logic also included an adjustment mode for counting the twofolds and the singles count rates (configured from the PC).
entanglement swapping events achieved in this setup was about once every 2.5 min. Therefore counts were accumulated over measurement runs of at least 10 000 s per data point. One of the largest experimental challenges of this experiment was to achieve the entanglement swapping operation with such high level of quality, that the resulting entangled photons can violate Bell's inequality, a suitable test for the presence of quantum entanglement. Given the limited count rates, it was necessary to achieve a correlation visibility of the final entangled photons of better than V 0.80, well above the limit of
required for violation of the Bell inequality [14, 29] .
The expected contributions of all the above discussed effects are described in the appendix and summarized in table 1.
In our experiment we performed a range of test measurements in order to compare the experimentally attainable two-photon interference (HOM) visibilities with the estimated visibilities, as will be discussed below. The • are placed in both of their paths. Second, an entanglement swapping experiment, where the correlation between photons a and d is observed with polarizers at 45
• setting. Third, again an entanglement swapping experiment, but both the polarizers are oriented at 0
• . Some measurements show larger error bars than the final results presented in table 2, since they were taken just for alignment purposes within a shorter experimental duration. measured results are shown in figure 2 and are compared with the estimation from our model which includes various sources of errors. With these insights it is possible to understand the limitation of the experimental quality of multi-photon experiments based on parametric down-conversion. More importantly, these estimations show that in our situation it is necessary to choose the filter bandwidth as narrow as 1 nm FWHM to finally achieve a level of entanglement well above the classical limits.
Optimization of the entanglement swapping quality
In the following, we give a detailed overview of the various effects limiting the quality for the interference of photons coming from different pulsed SPDC processes. Each effect will be assigned with a visibility, and mostly defined as usual as V = (C max − C min )/(C max + C min ), where C are the counted photon signals fringing between a maximal and minimal value. There is the exception for the case of the two-photon interference (Hong-Ou-Mandel dip), where the visibility must be measured as V = (C inf − C min )/C inf , where C inf are the counted two-photon events well outside the interference range, and C min are the minimal counted events at the point of optimal interference (dip). In the first approximation, we estimate the total expected correlation visibility as the product of all the individual visibilities, V tot i V i .
Two-fold visibility of pulsed SPDC
First we consider the attainable quality of the two-fold correlations of the entangled photon pairs. An obvious source of error is the alignment accuracy of the polarizing optical elements in the down-conversion system (such as the SPDC crystals, the compensator crystals, wave plates [26] ).
In addition it has already been shown in several theoretical calculations and in experiments [30] [31] [32] [33] [34] that the in SPDC pumped with femtosecond laser pulses the achievable quality of two-fold entanglement is inherently reduced. Therefore the correlation visibility for measurements along the 45
• or the circular polarization basis will have less quality than measurements in the 0
• basis. In this experiment we observed in the 0
• /90
• polarization basis a visibility of V I,1nm,0 • = 0.980, and in the 45
• basis, corresponding to a two-fold correlation visibility of V I,1nm,45 • = 0.935 with filters for photons b and c having a 1 nm FWHM bandwidth, and a visibility of V I,2nm,45 • = 0.904 with filters of 2 nm.
The Bell-state analyser
Since we are utilizing a fibre-optic beam splitter at the heart of the Bell-state analyser, the mode overlap is inherently perfect. As the only source of error we must take into account that the required splitting ratio of 50:50 is not perfectly achieved. The non-ideal splitting ratio leads to an achievable visibility of the two-photon interference of [35] V II = 2RT R 2 +T 2 , with reflectivity R and transmittivity T. Our actual device had a splitting ratio of about 45:55, which reduced the visibility of the HOM interference by V II,45:55 = 0.996.
Higher order emission terms of SPDC
The emission characteristics of our photon pair production implies a similar probability for producing two photon pairs in separate modes (one photon each in modes a, b, c, d) or two pairs in the same mode (two photons each in modes a and b or in modes c and d). The latter events lead to 'false' coincidences in the detectors in the BSA hence creating a noise background. However, our optimal Bell-state analyser partially diminishes this problem, since it reduces the unwanted higher order events by at least a factor of 2. We exclude part of these cases by only accepting events where one photon each in modes a and d is registered. Furthermore, the Bell-state analyser will only detect a valid event when the two photons (b and c) take separate H, V outputs of the polarizing beam splitters arranged behind the first beam splitter. In strongly pumped situations the higher order photon emissions from the SPDC can create a substantial amount of background, as was shown in detail in a recent study [36] . However, in our experiment we operated in a regime where the pair production rate was about 10 −4 per pulse, hence the rate of false events was about 10 −8 and was safely neglected.
Polarization alignment in the fibres
The quality of the polarization alignment of the two input fibres of the beam splitters is also a relevant parameter. Including a polarization rotation of φ for one of the inputs in the calculation of the interference leads to a visibility V = cos( φ). In this experiment the two inputs of the beam splitter were aligned better than φ = 3
• , as described above in figure 1 . This results in a visibility limit of V IV,3 • = 0.998.
Frequency distinguishability of photons b and c
Obviously, any difference in the centre wavelengths of photons b and c interfering at the beam splitter makes them distinguishable [35] , hence reducing the visibility of the HOM interference. This situation is described as
, where ω diff is the difference in angular frequency of the two input wave packets and τ cohr is their coherence time. A more practical expression can be found by expressing the coherence time in terms of the wavelength bandwidth, τ cohr ≈ 0.4247λ 2 /(2π c λ FWHM ), and the frequency difference in terms of the wavelength difference, ω diff ≈ 2π cλ diff /λ 2 , leading to
where λ diff is the difference of the peak wavelengths of the wave packets and λ FWHM is their full width at half-maximum width of the spectral distribution. In our experiment λ FWHM was 1 nm, and the accuracy of the central wavelength of the filters was better than 0.25 nm. This resulted in a visibility of V V ,0.25nm = 0.977.
Timing distinguishabilities of photons b and c
With the finite bandwidths of the pump photons and the interfering photons there is a fundamental reduction of the HOM visibility for the interference of the independent photons, b and c. (In the ideal case, the pump photons would have an infinitely short pulse width which corresponds to an infinite spectral width.) The relation for the effect of timing on the lower bound for the HOM visibility was shown by Zukowski et al [9] , and later generalized by Kaltenbaek et al [37] including the bandwidth of both SPDC photons and a synchronization jitter of the pump laser. The expression for the resulting visibility reads where σ p , σ i and σ o are the 1σ widths for the respective Gaussian spectral distributions of the pump, the interfering photons and the outer photons. In our experiment for the case that the FHWM bandwidth of filters for photons b and c are 1 nm, this results in V VI,1nm = 0.997, and in the case of 2 nm V VI,2nm = 0.991.
Group-velocity mismatch of the down-conversion and pump photons
The origin of this effect is the group-velocity walk-off in the nonlinear crystal which leads to an inherent visibility reduction for the two-photon interference in pulsed down-conversion. When photons b and c from independent down-conversion processes are brought together for interference, their wave packets will experience a timing offset due to this speed difference between the pump and the down-conversion light. The extreme cases are that one photon pair is produced right at the beginning of the crystal and the second pair right at the end of the crystal, and vice versa. This is due to the dispersion properties of the BBO crystal, which has a temporal walk-off between the UV-pump photons, experiencing group delays of u pump = 5694 fs mm −1 , and the two down-conversion photons, propagating with group velocities u signal = 5413 fs mm −1 and u idler = 5612 fs mm −1 , respectively [38] . The difference between the group velocities of the pump photons and the average of the SPDC photons is about u = 180 fs mm −1 . In order to estimate the resulting visibility due to the group velocity mismatch of pump and the SPDC photons, we varied the relative creation times of the photon pairs t a,b (x) and t c,d (x) over the position x along the crystal. Hence t a,b (x) can have any value in the range of ±d u/2, where d is the thickness of the SPDC crystal. Assuming that all values of t a,b are equally likely, we integrate over the crystal length for both photon pairs and obtain the overall two-photon coincidence probability as
where τ is the offset of the two arms of the photons to the beam splitter. We further assume that the photon wave-packets are a Gaussian shape with the width equal to the coherence time τ cohr of the photons, which interfere with time delay τ and the offset t a,b − t c,d . Therefore the coincidence probability for the interference of two photons is
In our experiment the crystal had a thickness of d = 2 mm, hence the photon pairs are undefined within the range of |t a,b | 180 fs (large compared to the photon coherence τ cohr = 775 fs for 1 nm bandwidth filters). The HOM visibility is defined as V VII = (P (inf) − P (0))/P (inf). The explicit numerical calculation of the integral (3) for filter band widths of λ FWHM of 1 nm, 2 nm, 3 nm leads to the HOM visibilities of V VII,1nm = 0.9641, V VII,2nm = 0.8817, V VII,3nm = 0.7778 respectively. A further advanced calculation should also include the synchronization jitter of two pump lasers, and is given by Kaltenbaek [39] .
The standard approach for minimizing or even avoiding the effects of this group velocity mismatch is to use narrow bandwidth filters and thereby extend their coherence time of the SPDC photons beyond the group velocity dispersion. Unfortunately this leads to a huge loss of the generated photons. This timing effect is finally resolved by utilizing particular crystals with well chosen or even specifically tailored group velocity properties, that do not require any filters for the SPDC and still achieve high-quality two-photon interference [40] [41] [42] [43] .
Experimental results
The expected contributions of all the above discussed effects are summarized in table 1. The total visibility is calculated by taking the product of all contributing visibilities. In our experiment we performed a range of test measurements in order to compare the experimentally attainable HOM visibilities with the estimated visibilities, these discussed above. The measured results are summarized in figure 2 and compared with the respective estimates. Note the very good agreement of the experiment with the calculation. Now it is possible to understand the various effects that reduce the experimental quality in our entanglement swapping experiment. More importantly we are able the adequately choose the filter bandwidth as 1 nm FWHM, such that all further measurements on the entanglement swapping are performed at the required quality of the experiment.
The correlations of the entangled photons are quantified by measuring the correlations between photons a and d with the expectation value for joint polarization measurements E(φ a , φ d ), where φ a and φ d are the polarizer setting for photons a and d, respectively [44] . The correlation coefficients are defined as 
This expression is experimentally easily accessible, since it only requires three different measurements and not the set of the nine measurements (combinations of the three basis settings on either photon) needed for performing a tomography of the state -which made a huge practical difference given the limited count rates of our experiment. In our case the axis of the Pauli matrices are identified with the polarization, where σ 1,2,3 correspond to analyser setting in the H, 45 and L polarization basis. Therefore the coefficients in the above expression for the fidelity are T 11 = E(H, H), and likewise for the other polarization bases.
We have performed the correlation measurements on the swapped entangled photons which end up in the | − ad or | + ad depending on the outcome of the bell-state analyser, see table 2. These results lead to overlap fidelities of the swapped entangled photons with the ideal Bell states of F | − = 0.892 and F | + = 0.879 for states | − ad and | + ad , respectively. As a sufficient indication of the presence of entanglement we tested a Bell inequality, where the suitable version for experiments is the Clauser-Horne-Shimony-Holt (CHSH) variant [29] , which has the following form: The first three measurements show the high quality of the entangled state in the three bases. These measurements give us the very high state fidelity of F = 0.892 and F = 0.879. The following four measurements allow us to test the CHSH inequality. As the local realistic upper limit for S is 2, above results for both Bell states clearly violate the CHSH inequality. Note that the correlation coefficients for the two Bell states were measured within the same measurement run for a particular polarizer setting by sorting the data into corresponding subsets. The given errors are the statistical uncertainties due to photon counting. The differences in the correlation coefficients come from the higher correlation fidelity for analyser settings closer to 0
• and 90
• . It is straightforward to show that the prediction of quantum mechanics leads to
• ) the maximal value of S QM = 2 √ 2, which clearly violates the limit of 2 imposed by inequality (8) . The necessary series of correlation coefficients of photons a and d were measured, and are given in table 2. Note that the correlation coefficients for the two different Bell states were measured within the same measurement run for a particular polarizer setting by sorting the data into corresponding subsets depending upon the observed Bell state. Our results show clear violations of the Bell inequality with S = 2.60 ± 0.09 for the | − ad and S = 2.30 ± 0.09 for the | + ad Bell state. The lower value of S for | + ad is due to the difficult polarization alignment of the output fibres of the beam splitter.
Conclusion
We demonstrate an entanglement swapping experiment using photons produced by spontaneous parametric downconversion (SPDC) and an optimal Bell-state analyser with 50% efficiency, i.e. capable of detecting two of the four Bell states perfectly. Via a thorough analysis and optimization of the experimental errors in our system, we achieved a very high experimental entanglement correlation and tested the violation of two Bell inequalities on the swapped photons in the same experiment run. In addition, we showed that the final entangled Bell states had an observed state fidelity F = 0.892 and F = 0.879 with the respective ideal states | − bc and | + bc . In particular, we studied the various deteriorating effects in the spontaneous parametric down conversion which are crucial for performing high-quality multi-photon experiments, and gave a simple model that allowed us to estimate the final state fidelity. We consequently improved the experimental performance by carefully optimizing the several sources of errors. As the main experimental obstacle for SPDC systems we also estimated the group velocity mismatch between the pump and the down-conversion photons in the SPDC crystal in a simple mathematical model, and compared the calculations with several test experiments. These calculations also allowed us to understand why in our case the required bandpass filters for the interfering photons must be the narrow value of 1 nm FWHM. We note that finally the problem of the group velocity mismatch will be solved by cancelling the dispersion effects with advanced phase-matching methods [40] [41] [42] [43] . The various effects of errors must be considered in most types of multi-photon experiments that rely on two-photon interference effects and are based on parametric down-conversion.
From the fundamental side it is interesting to note that the observed violations of the Bell inequalities in our entanglement swapping experiment drastically highlights the non-classical nature of entanglement, since the outcome of the Bellmeasurement of the two inner photons b and c (| − bc and | + bc ) even determines the type of entanglement of the two outer photons a and d (| − ad and | + ad ) [45] . Since teleportation using a two-outcome Bell-state measurement is also one of the building blocks of linearoptical quantum gates [46] , this experiment clearly represent an important step for linear-optical quantum information processing, the creation of multi-photon entangled states and quantum repeater protocols.
